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ABSTRACT

It has been suggested that the effect of changing excitation energy on the
shape of the fission product mass-yield curve from fission of a singie nuclear
species is due to the change in the relative amounts of two energy-independent
modes of fission, each giving rise to its own characteristic rna.ssv-yield curve.
It is. shown here that this hypothesis predicts a linear relationshiio between
the fission yields of any pair of fission products measured at a set ‘of e#cifa—
tion enéx"gies. Linear relationships are also predicted between pairs of fission
yields measured relative to the yield of some reference fission product.
Fission product yields relative tb the fission yield of Mo9 were measured

235 238

for fission of U and of U with neutron beams of mean energies ranging

from 2 to 10 Mev. The predicted linear relationships were observed in all
cases. However, results for fission yields from U235 with thermal neutrons
do not'fall on the corresponding observed lines. The two-mode fission hy-

pothesis is a possible explanation for the linear relationships observed, but

does not explain all of the datay.

%*
This work was performed under the auspices of the U.S. Atomic Energy
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Radiochemical Studies of Neutron-Induced Fission of U235
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and U2 and the Two-Mode Fission Hypothesis

H. B. Levy, H. G. Hicks, W, E. Nervik, P, C. Stevenson,

J. B. Niday, and J. C. Armstrong, Jr.

Lawrence Radiation Laboratory, University of California

Livermore, California

I. INTRODUCTION

In past years many experiments have been performed in which the mass
distl;ibutions of fission products have been measured for a number of different
nuclides undergoing fission at various excitation energiés. No completely
satisfactory explanation has been found for the c‘hanges that occur in the mass
~ distribution of ﬁé-sion products when the excitation energy is varied in a par-
ticular nuclide about to undergo fission. However, recourse has frequently
beén made to the suggestion of Turkevich and Niday1 that there are two fun-
daméntally’ different modes by ‘which fission may proceed. Both modes are
‘possible b\ft one generally predominates at low excitation energies and the
other at high energies, the relative proportions of the two modes changing
with excitation energy. Thesé modes lead to distinctly different mass dis-
tributions of products, the observed mass distribution being the résultant of
ti’xe contributions of both modes.

The mass distributions attributed to the two modés are generally con-
sidéred to be the two-humped "asymmetric' and the one-humped ''symmetric"
mass distributions. There has been some study on the competition Between
symmetric and asymmetric fission;2 however, these studies have considered ~

principally the gross features of the mass distribution. Recently, Ford3 has

50014901
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changes in the relative proportions of fissions proceeding by each of thé
two modes.

We can now proceed in the following manne‘r. Let us refer to the prod-
uct distribution of one fission mode as Type A fission and to that of the other
mode as Type B fission. We shall consider here 6nly those fission yields
representing total cumulative yields for an entire mass chain. Suppose the

subscript i refers to some arbitrary mass chain.

Let'a.i = fission yield of mass chain i in Type A fission,
‘bi = fission yield of mass chain i in Type B fission,;
y; = observed fission yield of mass chain i,
f, = fraction of total fissions resulting in Type A fission,
fB =1- fA = fraction of total fissions resulting in Type B .fissi‘on.

We can then write for the observed fission yield of i,

v, = ani+fBbi = ani+(1—fA)bi. - (1) ‘
v, = fA(ai—bi) + bi .
Hence y. - b,
f o= i i
A 3 -b

Since the choice of mass chain i was arbitrary we can also write for

any othgr mass chain j,

Therefore

Vit Yyt hy

a, -b, ~ a b,
1 1 ] ]
Since a;, bi’ aj, and bj are all independent of energy, the above expres-

sion represents a linear relationship between i and yj that can be written

50019012 vi T S45Y5tdy (2)
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Since pij and qij are functions only of c. -di’ cj, and dj and are therefore
independent of energy, Eq.(4) represents a straight-line relationship between
the fission yields of the mass chains i and j relative to the standard mass
chain.

We find it.more convenient to deal with a quantity that is proportional
to the relative fission yield and is ﬁsually known as an 'R value."4 The R
value for mass chain i may be defined as follows:

(yi/yo) given experiment

i

(Yi/yo) thermal neutrons on U235

Use of R values obviates the necessity of absolute counting, thereBy, making
it possible to measufe an R value more precisely thaﬁ the fission yield itself.
It should be noted that the denominator of the above expression is a fixed
quantity, depending only on mass chain i and the choice of a reference standard.
Theréfore, the R value foi' mass chain i may be written

R, = ki(yi/yo) :

We can now rewrite Eq.(4) as
Ri = ainj + Bij_’ ' (5)

where aij and Bij are constants. Thus we may use experimental R values to
test whether or not there exist linear relationships between relative fission
yields. * |

Tests of the two-mode fission hypothesis may be made by comparing
the behavior of experimental mass-yield data with that predicted by the
straight-line rela.tionships just developed. There are a few things worthy of
special note when seeking data with which to test the two-mode fission hypoth-
esis. An adequate test of the predicted behavior requires that the mass yield

data cover a sufficient range of values for both coordinates of the straight

line. The greater the range in the excitation energies, the wider the range

0001903
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treated as if it wére the result of a single mean excitation energy. There-
fore, in an analysis of individual mass yields that does not involve the exci-
tation energy explicitly (e.g., plotting the relative fission yield of one mass
vs that .of anothef mass), data obtained from bombardments carried out with
proj.ectil\es of a mixed energy s.pectrurh can be used together with data ob-

tained from bombardments with monoenergetic particles.

III. EXPERIMENTAL

Fission at low excitation energies is best effected by néutron bombard-
ment because of the lack of a Coulomb barrier. Available sources .o.f mono-
energetic neutrons in this energy range do not have fluxes of high enough in-
tensity to permit many radiochemical mass-yield determinations., However,
one can obtain neutron fluxes of mixed energies with sufficient intensities to

permit a broad range of mass yield determinations. It was pointed out that

“if linear relationships between individual mass yields do exist as predicted

* by the two-mode fission hypothesis, then these relationships hold regardless

of the energy spectrum of the particlés causing fission. Neutron fluxes with
broad energy spectra can be produced by the Crocker Laboratory 60-inch
cyclotron using charged particle bombardment of various light elements. The
intensities of these neutrc)né in the for\;vard direction are much higher than
can be obtained from mondenergetic sources. For these experiments we
have used the following neutron spectra, listed by method of production, in

63,65

order of increasing mean neutron energy: Beg +12-Mev p+; Cu

127 6,7

A + 48-Mev He++; Be9+48-Mev He++; Be9+ 24-Mev d+; and Li
No precise measurements were made of the mean energies of these neutron

spectra, but roughly"speaking they ranged from 2 or 3 Mev to about 10 Mev. |

In some cases, bombardments were repeated using the same neutron source.

500190Y
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was placed between the saméle and crystal to remove beta particles and to
reduce effects of bremsstrahlung. Radiations from all nuclides were counted
in this way except those from Sr89, Pdlog, Pd“z,‘ and Aglll. In the last
four cases be‘ta particles were counted using a methane proportional counter,
and self-scattefing and self-absorption corrections were made,. Bréms strahl-
ung from Y91 was counted on tﬁe gross gamma counter described above, since’
the amounts of Y91 were large enough to produce satisfactory counting rates.
The outi:mts of all scalers were attached to an IBM card-punching ma-
chine, and data were automatically punched out as the individual count was
completed. Data were taken over a period of three half-lives, with at least
four counts taken in zny given half-life. This procedure was not practical,

136’137; here, at least 20 counts were taken over a period

137

however, with Cs
of 4 weeks, the Cs136 activity allowed to decay to less than 1% of the Cs
activity, and 5 more counts taken. When the data were complete the decay
curves of the individual samples were analyzed by a least- squarés method
using the IBM 650 computer. Tl;e answers from the computer gave counting
rates of each isotope corrected for decay (both during and after bombardmeﬁt'),
chemical yieid, aliquot, and self—sca!tfering and self-absorption. |
The.R values of Sec. Il can be rewritten as follows:4k
(CiA/CM099) for any type of fission

R, = s
! (Ci/CMO99) for U235, thermal neutron fission

. where Ci is the corrected counting rate of nuclide i in its standard geometry

and CM099 is the corresponding value for Mogg. The value of the denominator .

was measured for each nuclide in a series of calibration bombardm‘ents, of
235 . ‘ )
u with thermal neutrons. In such a ratio, the proportionality constant be-

tween counting rate (corrected for decay during bombardment) in a standard

geometry gnﬁl 6if.ﬁ<ﬁnsrield appears both in the numerator and the denominator.
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The R values given include corrections for the fact that the "U235“

238 _1d the "u?38u

uranium) contained a small percentage of U235. (Contributions from other

target contained a small percentage of U target (normal

isotopes were negligible.) In order to make this correction it was assumed
that both targets in a given run were exposed to identical neutron fluxes.

This probably was not strictly true, but the corrections in all cases ‘except
one were less than 3% and the possible contribution to the overall error was

negligible, "The exceptional case was the measurement of the R values of

36

Cs1 formed by fission of UZ38, which were an order of magnitude lower

than those arising from the fission of UZ'?'5 with the same neutron spectra.

Therefore the contribution of Cs136 from the fission of the U235 present in

natural uranium was a significant portion of the total Cs136 formed in the

bombardment. Because of the size of these corrections, we have assigned
somewhat larger standard deviations to the final R values of C5‘136from Uzé8
fission.

In those cases where more than one bombardment was made using the

same neutron source, certain activity ratios gave evidence that the flux

profile was not always identical in all bombardments with the same neutron

source. This being so, it is possible that there may have been some variation
in the energy spectra between different runs with the same neutron source.
Because of this we have treated the results of each bombardment as individ-
ual pieces of data rather than averaging the results from repeated runs.
Experience with many similar radiochemical determinatidns led us to
expect an overall reliability of 5% for the R values in Tables I and II. This
waé borne outv on comparison of the results of 'repeated' runs. As we have
pointed out, there was evidence to indicate that ''repeat' runs were not strictly

identical with regard to flux profilé and possibly energy spectrum. However,

5001906b
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It would be meaningless with respect to the test to plot data for a nuclide
whose R values remain essentially unchanged since these would obviously fall
on a nearly h‘orizontal line. Only those species whose R values show a con-
siderable change are significant, and the R values for these species have been
plotted as y coordinates againét the corresponding R values for Cdlls.

The data plotted in this way are presented in Figs. 1 and 2. The
straight lines shown are those fitted to the data in a manner described below.
It is clear that for all these species, including the shielded nuclide Csl36,
the data are quite coﬁsistent with the straight-line behavior predicted by the
two-mode fission hypothesis. In the energy range covered, there appears to
be no significant tendency toward curvature, even in the case of Cs13|6 in U'238
fission where the data are most scattered. These plots include.ail data for
these nuclides obtained in this set of experiments. (No pertinent data from
Tables I and II were thrown out because of large deviation from the line.)

The excitation energies produced by the neutron fluxes used are suf-
fic.iently high for us to expe::t that the mass yields represent significant con-
tributions from more than one nuclear species undergoing fission. However,
the mass distributions of the two basic modes of the neighboring parent nu-
clides appear to be similar enough so as not to perturb the linear behavior..
235

The R values for thermal neutron fission of U should also fall on

the corresponding lines in Fig. 1. Since an R value is sirriply the relative

fission yield of a species normalized to the relative fission yield of the same

235

species in thermal neutron fission of U , the R values for all species in

235

thermal neutron fission of U by definition must be equal to 1. Therefore,

the lines in the above plots representing behavior of R values in U fission

should all pass through the point (1, 1). Such does not appear to be the case

35

for all the lines in U2 fission. Since this question is of considerable sig-

nificance some additional analysis of the stré.ight lines is warranted.
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The normal equations to be solved for a and b were obtained by mini-
mizing with respect to both a and b the weighted sum of the squares of the
deviations from the proposed line. ’fhe weight of each point is chosen to be
the reciprocal of the variance of that particular deviation, taking into account
erroré in b_oth x and y. If the weights are assigned in this fashion,then re-
gardless of whether we choose to minimize deviations in the y direction, de-
viations in the x direction, or perpendicular distances from the point to the
line, the 'expr.ession for the weighted sum of squares becomes S = Z (yi—a-bxi)
/(vi'2 +bZ uiz). In this expression u, is the standard deviation of xi,‘ and v is
the standard deviation of y;- Because of the way in which the parameter b
appears in the sum S. we.could not solve the normal equations directly for a
and b. A method of successive approximations was used, with an IBM 650l
computer. The values of a and b determined for each of the lines shown in .
Figs, 1 and 2 are given in Tables Il and IV,

Also given in Tables IIl and IV are some statistics which can serve as
rough measures of how well the calculated linesy = a + Bx fit the experimen-
tal data. Listed are the number of experimental points for each line, the -
mean percentage deviation of the calculated and measured values of y, and
the value for the minimized sum of squares, S = Z (y -a-bx, ) /( + b2 Z)

The mean percentage deviation of the calculated and measured y values was

- computed for each line by the expression

IOO%XI: Z Ymeas ~ calc>2 Jl/z
Ymeas

where n is the number of experimental points. This "average'' deviation can
be compared to the standard deviations given for the experimental data. The
values for the minimized sum of squares, S, appear to be too low, despite the )

fact that no data points were excluded. This can be attributed, in part at least,

9001908
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136 . 235

It is interesting to note that the Cs data from both U and UZ:)’8 fission

also appear to follow a linear behavior, although the fit is not quite as good
as for the other nﬂuﬁclides. This linear behavior suggests that the charge dis-
tributions of the two modes also remain relatively unchanged with increasing
excitation energy. Comparison of the rapid rise of the Csl.36 R values with
the relatively constant C5137 R va.lue‘s further suggests that the charge dis-
tributions for each of the two basic modes differ quité markedly.

As was pointed out previously, if the data from thermal neutron fission

were to be consistent with the two-mode interpretation of the fast neutron fis-

235

sion data, then the lines for the fast neutron fission of U should all pass

through the point (1, 1). Using the parameters of the lines obtained above we
can calculate the R values for the various other species when the R value for

1 .
Cd 15 is equal to 1. Table V lists these calculated values for neutron-induced

.. 2 . . s . .
fission in U 35. . With the exception of Csl36, the deviation of the various lines

from the point (1, 1) is far greater than could be reas’onably expeéted from |
statistical considerations alone.

It is quite probable t;hat the fission process is much more complex than
the picture set forth in Sec. II. The discrepancy between the thermal neutron
data and the fast neutron data in U235 fission would seem to bear this out.

It.does not seem likely that this discrepancy is entirely explained by the
fact that thermal neutron fission represents fiséion from a single nuclide where-
as the fast neutron fission yield data represents fission from more than one
nuclide. If contributions from a second species undefgoing fission were such
as to cause the lines to deviate from the thermal neutron point, they would al-
so be most likely to cause a noticeable curvature in the lines. However, over

certain ranges of excitation energies, the two-mode fission hypothesis may

~ serve as a very good approximation, and this manner of plotting fission yield

30019049
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Table II. R values for neutron-induced fission of 023

8

. (Standard deviations are + 5% unless otherwise given.)

Neu-
:ron Bbdt.
gon  Bhdt 89 9! pal09  aglll  pglt2  gyll5 136 o137 o140 Ngl47 !5 pal%6 Tp16!
1 0.'50 0.73 9.28 6.88 7.66 5.23  0.16£0.03 0.82 0.89 1.06 2.54 5. 46 22.652.5
2 + Be ’ -
16 0.75 9.63 5. 88 7.28 5.05  0.12£0.03 0.94 0.88 1. 11 2.57 5.47 22.7
7 0.5 0.76 ee= 18.0%1.8 ---  21.4 1.40£0.10 0.94 0.84 1.02 2. 64 6.37 48.3
d+Cu gy —-- - 21.4 19. 6 26.0 22.4 ce- - 0.96 - - --- -
. ]
10 0.54 0.73 19.1 22.2 28.0 23.5 - 1.98£0.14 0.94 0.87 1.10 2.75 6.37 49.243.9 &
[}
at Al 0.5420.05 0.8l 23. 4 20.0 29.7 24.1 2.06£0.14 1.02 0.95 1. 14 2.86 6.95 58. 1
atBe 8  0.54 0.74 ce=  30.0%1.8 ---  32.5 3.07£0.21 0.92 0.87 - 0.95 2.70 6.52£0.39 64.2
d + Be 5 - 0.76 27.2 29.3 36.1 33.4 2.32*.0.[6\ 0.91 0.83 1.04 2.85 7.14 68.0
' »
9 0.56 0.7240.06 28.5  33.8 42.6 37,7 3.15%0.22 0.91 0.87 1.08 2.6750.24 7.06£0.64 78.2+7.0
d+Li 13 0.57 0.76 28.652.9 33.1 39.744.0 35.7 3.10£0.22 0.93 0.91 1.09 2.97 7.35 72.6
15 ——- 0.75 30.5 35.6 42.6 39.0 3.57£0.25 0.99 0.93 1.14 2.97 7.59 80.0
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Table IV. Results of least-squares fit of straight lines to R values of various

species plotted vs the R values for Cd115 in fast-neutron-induced fission of
U238.
(y.-za.--bx.)2
Intercept Slope Number of Mean % Deviation, S= Z —Lz———z—-l-z——
Nuclide a b Data Points vy and y Vi +b b
calc meas
109 ’ |
P_c_l 6.255 0.6246 9 5.8% 6.33
agtt 2019 0.8272 . 11 6.4% 7.02
“patl? 1962 1.0754 9 3. 5% 1.81
cs'3® _0.348  0.0938 10 ' 12. 2% 11.85
sm!® 2,497 0.01029 10 4.1% | 3. 49
Eu156 - 5.170 0.05743 10 4. 0% 3.66 v
b 0! 14,340 1.6317 10 | 4. 4% 3.23
Table V. Values of Ri for R(Cdlls) = 1 (thermal fission) calculated from the
lines fitted to the data for fast neutron fission of U235.
Nuclide Pd109 Ag111 PdllZ Csl36 sm153 Eu156 Tblél
R, 2.04 1.23 1.38  1.06 1.20 1.60 3.55

1
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